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Abstract 

Experimentally determined directional Compton 
profiles and the X-ray scattering factors f (2 ,2 ,2 )  of 
crystalline diamond, silicon and germanium are fitted 
by using a model for the one-electron density matrix 
containing only interactions between nearest neigh- 
bours. It is concluded that such a model is only capable 
of reproducing the anisotropic properties of the elec- 
tronic ground state, whereas isotropic ground-state 
properties require the consideration of intraatomic 
hybrid-hybrid interactions as well as interatomic inter- 
actions between higher-order neighbours. 

1. Introduction 

Among the quantities which are fitted to bond models, 
X-ray scattering data play a special role because they 
depend on the detailed shape of the electronic ground 
state. Phillips (1970) reproduced the ('forbidden') 
elastic X-ray scattering factor f ( 2 ,  2, 2) of tetrahedral 
materials related to the ground-state charge density by 
starting from a bond charge between neighbouring 
atoms. Dawson (1967) successfully assumed a non- 
spherical charge distribution at the atom sites. Using a 
nonspherical wave function at the atom sites giving the 
same charge distribution as in Dawson's model, Weiss 
& Phillips (1968) attempted to describe the anisot- 
ropy of the ground-state momentum density as 
measured by inelastic X-ray scattering (Compton scat- 
tering). 

In this paper we attempt to reproduce both the 
results of measurements of the G = 2zda o (2, 2, 2) com- 
ponent of the elastic X-ray scattering factor (a 0 = 
lattice constant), 

f (G) = f p (r) exp (iG. r) d 3 r, (1) 

and the directional Compton profile (DCP)(in atomic 
units; co = energy shift, K = scattering vector), 

JK(~o)= f n(p) 3 ( o ~ - K V 2 -  K.p)d3p ,  (2) 

* Permanent address: Physikalisch-Technische Bundesanstalt, 
Bundesallee 100, 3300 Braunschweig, Federal Republic of Ger- 
many. 

of diamond, Si and Ge by using a model based on the 
well known sp 3 hybrid orbitals. The charge density p(r) 
and the momentum density n(p) are related to the first- 
order density matrix F(rl r') via 

p(r) = F(rlr) (3) 

and 

n(p) = f f F(rlr ') exp [ip(r -- r')] d3rd3r '. (4) 

II. Local decomposition of the density matrix 

It is straightforward to decompose the first-order 
density matrix into local cofitributions associated with 
the atom sites by using a set of localized electron states 
(Aikala, 1975a, b). It is by no means clear, however, 
under what circumstances such a decomposition can be 
terminated after a finite number of terms. For tetra- 
hedrally coordinated crystals with two atoms per unit 
cell the most simple but, nevertheless, nontrivial para- 
metrization is 

F(rlr ' )  = FA(rlr' ) + Fn(rlr'), (5) 

where A and B are the atoms in the unit cell and the 
atomic contributions are taken as 

4 

rjCrl r ' )= y al (r) (r') 
v--1 

+a{  ~,~ (r) ~,j;~' ( r ' - -  Rjj,), (6) 

j , j '  = A,B. 

ey are the usual sp 3 hybrids associated with atomj, v, v' 
are such that the corresponding hybrids have maximum 
overlap (belong to the same bond). Rjf is the distance 
vector between nearest neighbours. In this expression 
contributions associated with intraatomic hybrid inter- 
action are neglected as well as interatomic interactions 
between higher-order neighbours. 

Thus, with PK ---- P. K / K  = K/2 -- og/K, the DCP is 
given by 

j ( p ~  = ½ j a ( p ~  + jB(p~ ,  (7) 

where jA and jB are the atomic contributions associated 
with F A and F B. The anisotropy of the Compton profile 
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Table 1. The parameters ~, Go, a2, fl, Y of  the model density matrix of  Ge, Si and diamond are optimalIyfitted to 
experimental DDCP's 

The goodness of the fit is represented by the reduce~ X 2. f(2,2,2)¢~,¢ is calculated using the left-hand model density matrix parameters. 

Parameter ~ ~p a2 fl y X 2 

Substance (orientation) 
Ge ([1001 - [1101) 2.0 1.7 2.8 + 0 - 6  1.64 0.66 0.7 

([ 100] -- [111]) 2.0 1.7 2.8 _+ 0.6 1.64 0.66 0.6 
Si ([100] - [110]) 1.6 1.4 4 . 0 + 0 . 8  1.61 0.68 2.4 

([100] - [111]) 1.6 1.4 4.0_+0.8 1.61 0.68 1.3 
diamond ([100] - [110]) 1.6 1.55 4.0 _+ 0.6 1-59 0.7 2.7 

([ 100] - [111])  1.6 1.55 4.0 _+ 0.6 1.59 0.7 1.6 

f(2,2,2),~,¢ f(2,2,2)~p 

0.14 +__ 0.03 0.145 _ 0.02 (a) 

0.18 + 0.03 0.185 + 0-03 (b) 

0-12 + 0.02 0.144 + 0.015 (c) 

(a) Jennings (1969), (b)Fujimoto (1974), (c)Renninger (1955). 

depends only on the second term in (6), since the 
contribution of the first (atomic) term is isotropic. 

The scattering factor of the 'forbidden' reflexion of 
the diamond structure f (2 ,  2, 2) is given by 

f (2,2,2) = ½ [fA(2,2, 2) -- fB(2,2, 2)l. (8) 

It depends only on the second term in the decom- 
position of the density matrix. Thus, this term repre- 
sents the effect of a 'bonding charge' on F(rlr '). For a{ 
= aJ 2, (5) and (6) yield the density matrix as obtained 
from the usual bond orbital model (Harrison, 1973). 

III. Results 

The parameters in (6) are fitted to our DCP results 
obtained for Si and Ge using a ?-Compton spectro- 
meter (Bonse, Schr6der & Schfilke, 1979) and to the 
deconvoluted experimental data of Reed & Eisen- 
berger (1972) in the case of diamond. The theoretical 
DCP's of Si and Ge are convoluted with the experi- 
mental resolution (Gaussian of FWHM = 0.54 a.u.), 
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Fig. 1. X-ray scattering factor as a function of STO exponent ~s for 
different hybrid parameters (7) calculated for a bond model with 
a 2 =  1. 

the theoretical DCP's of diamond are convoluted with 
a Gaussian of FWHM = 0.15 a.u. to account for 
residual resolution effects. 

For f (2 ,  2, 2) the experimental data given in Table 1 
are used. Fitting to the difference between the Compton 
profiles (DDCP's) corresponding to different direc- 
tions of the scattering vector K one obtains informa- 
tion about %. Then a~ is given by normalization. As the 
atomic states, s and p, constituting the sp 3 hybrids 

vp= ½ (fls + V/-3 ?p"), (9) 

Slater type orbitals (STO's) with ~s and (v Slater 
exponents (Clementi & Raimondi, 1963) are used, pv 
pointing in the direction of the vth bond. Figs. 1 and 2 
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Fig. 2. Experimental D D C P  ([100] --  [111]) ( O ~ )  for Cre 
together with a calculated D D C P  ([ 100] - [ 111]) ( - - - )  with ~s 
= 2.2, (p = 1.9, o~ = l ,  7 = I. No  good fit is possible (Z 2 = 13.1). 
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show the results for f ( 2 ,  2, 2) and the D D C P,  respec- 
tively, as obtained for y = 1 and a 2 = 1 (limiting case of 
the bond orbital model, Harrison, 1973), where the 
ff~/ff~, ratio is the same as in the free atom. It is not pos- 
sible to fit the experimental data within this model 
simply by changing (s and (p even when taking into 
account the overlap between the hybrids along a bond, 
i.e. a 2 < 1. Maintaining the simplicity of our model, the 
only way to improve the results is to take y and a 2 as 
fitting parameters in addition to ~ and ~p. This means 
that the orthogonality of the hybrids at the atom sites is 
destroyed (Kane & Kane, 1978) and that a 2 is influ- 
enced by interactions between more than only nearest 
neighbours. 

Figs. 3 to 6 and Table 1 show the results for the 
D D C P ' s  of diamond, Si and Ge which were obtained 
by the following procedure. With a given value of a 2, 
the reduced mean-square deviations between theory 
and experiment, X~o, by fitting the D D C P ' s  ([100] -- 
[110]) and X2~ by fitting the DDCP ' s  ([100] -- [111]), 
are calculated as a function of 7 for various pairs of ~, 
ffp, again with the same ratio (Jffp as in the free atoms. 
The reduced mean-square deviation ;(2 is defined as 

1 N 

Z~- NA ~ E [g(Pi)--g(P~) exp] ~', (10) 
i=1 

where g(Pi) and g(Pi)~xp are the theoretical and experi- 
mental points, respectively, and A is the estimated 
experimental statistical error as indicated in Figs. 4 to 
6. By changing also a~, that set of az and 7 giving the 
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Fig. 3. X 2 for fitting Ge D D C P ' s  ([100] - [111]) and ([I00]  - 
[ 110]) as a funct ion o f  the hybr id  pa ramete r  7 for different ffs (~p) 
after minimizing X]~0 + X~.. 

minimum value of X]IO "f" X1211 was taken as the best fit. 
The appropriate pair of ~s, ~p was selected so as to give 
the minimum of both X]~0 and Xz~ at the same 7. In all 
cases such a pair could be found, which can be seen as 
a consistency test for our model, as far as anisotropic 
properties are concerned. In Fig. 3, as an example of 
such a fitting procedure X2~o and X21~ as functions of y 
are shown for different ~. In each case the situation of 
the best fit (minimum ofX2~o + X2~l by changing a2)is 
shown. 
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Table 1 contains the parameters resulting from the 
best fit of the DDCP data. The values of f (2 ,  2, 2) as 
calculated using the same parameters are also given. 
The agreement with the corresponding experimental 
data is reasonable within the error bars. 

It is important to note at this point that an attempt to 
reproduce the isotropic part of the DCP's by using this 
simple model for the one-electron density matrix was 
not successful for any set of the parameters (X 2 >> 1). 

IV. Discussion 

We conclude that our model, although quite successful 
in describing the anisotropic ground-state properties, 
needs to be corrected when dealing with other ground- 
state properties such as the density of states, the total 
charge density and the total momentum density. It is 
well known that sp  3 hybridization is a good first-order 
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representation of the properties of the chemical bond in 
diamond, Si and Ge (Harrison, 1973; McFeely et  al. ,  
1974; Harrison & Ciraci, 1974). The actual values of 
the parameters 7 and a 2 which we obtained by our 
fitting procedure indicate that, starting from the usual 
sp  3 hybrids, interactions between more than only 
nearest neighbours have to be taken into account expli- 
citly, leading to contributions to the one-electron 
density matrix, which are related to second, third etc. 
nearest neighbours as well as interhybrid interactions at 
a given atom. In the tight-binding picture the sources of 
these interactions are twofold. On the one hand there 
are the 'real' interatomic interactions as described by 
the matrix elements of the Hamiltonian between the 
various a n s a t z  functions. On the other hand there are 
effective interactions originating in the overlap matrix 
elements between the a n s a t z  functions (nonorthogo- 
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nality). It is not obvious which of the two classes 
plays the major part in determining the properties of the 
electronic ground state. 

For a quantitative description of the density of states 
of the diamond-structure semiconductors, starting from 
an sp 3 hybrid based tight-binding model, interatomic 
interactions between at least first and second nearest- 
neighbours have to be taken into account (Shevchik, 
Tejeda & Cardona, 1974). 

Nonorthogonality effects yield further improve- 
ments of the resulting energy spectrum (Tejeda & 
Shevchik, 1976). For the charge density, it seems that 
the properties of the Hamiltonian are most important. 
Inclusion of d orbitals, i.e. deviations from the sp 3 
hybrid model, yields only small quantitative correc- 
tions (Kane & Kane, 1978). 

For the total momentum density, orthogonalization 
effects seem to dominate, as has been shown in a recent 
model calculation (MacKinnon & Kramer, 1979). 
Starting from the usual sp 3 hybrid model with a Hamil- 
tonian containing only intraatomic and first-neighbour 
interactions, the Fourier-transformed total momentum 
density has been shown to be quite insensitive to 
changes of the interaction parameters in the Hamil- 
tonian. On the other hand, it turned out to be crucial 
for a quantitative description to take into account cor- 
rectly the orthogonalizatioo between the hybrids 
centred at different atoms. 

The results of the present fitting procedure may be 
interpreted as pointing in the same direction. This is 
suggested from the relatively small values of ~ (~0.7) 
indicating the importance of orthogonalization terms 
and the rather large values of a 2 (~_4.0), showing the 
importance of higher neighbours. 

Interesting discussions with P. Krusius and A. 
MacKinnon are gratefully acknowledged. This work 
was supported by the Deutsche Forschungs- 
gemeinschaft. 
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Ein e|nfacher Weg, Strukturinformation aus den dlffusen Reflexen von Kdstallen m|t 
e|ndimensionaler Lagenfehlordnung zu erhalten 
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(Eingegangen am 23. Mdrz 1979; angenommen am 26. Juni 1979) 

Abstract site-occupation factors) can be deduced. To obtain the 
real layer structure, the diffuse streaks have to be 

One-dimensionally disordered crystals consisting of considered. A simple experimental and mathematical 
layers that are equal with one another but stacked with procedure is described which enables their use without 
displacement faults show sharp reflexions and diffuse the need of measuring integrated streak intensities or 
streaks on their diffraction patterns. From the sharp analysing the diffuse intensity profiles. Essentially, one 
reflexions alone an averaged structure (with fractional has to measure the intensities of equal portions A~ at 
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